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The relationship between spectra of moment and momentless [membrane] syst-
ems of differential equations which describe the characteristic oscillations of
shells of revolution is examined,

For the eigenvalues of the lower series the oscillation theorem is proven, Con-
ditions are found for which the lower series of frequencies of the momentless
system has a finite limit point,

A number of papers are devoted to finding the frequencies of characteristic oscillations
of a thin shell by the small parameter method (see Bibliography).

In this paper some mathematical problems are examined which are connected with
the problem of finding the characteristic frequencies for a shell of revolution, In this
case the characteristic oscillations with m waves along the parallel are described by the
following system of equations [1, 5];
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Here i, U, w are the projections of the displacement of a point on the directions of the
meridian, the parallel and the normal to the shell, respectively; s is the length of the
meridian arc, @ < s < b; B (s)is the distance from the meridian to the axis of rev-
olution; /7, (s)and J?, (s) are the principal radii of curvature of the shell
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(0.2)

where L is Young's modulus, ¢ is Poisson's ratio, ¥ is the density, p is the frequency
of oscillations, h is the thickness of the shell and W is the small parameter, The system
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(0. 1) will be examined for the following boundary conditions:
ula) =ud)=v() =v@®)=w@=wd) =uw (& = (6) =0 (0.3)

This corresponds to rigid fixing of the edges of the shell along two parallels,
If we introduce into the analysis the vector function f (s) = (u (s), v (s), w (s)), we
write the system {0,1) in the abbreviated form

L.f = Af (0.4)

For boundary conditions (0, 3) the operator L, is self-adjoint and positive definite if the
scalar product is determined from the following equation:

(AJ»=§B®H%w+ﬂmu+wwdﬁ (0.5)

The spectrum of the operator [, for pu == 0 is discrete and its eigenvalues A, (u)
are positive, In this connection hm Ap (n) = oofor & —- 0o.The eigenvectors /), (s, )

4k =1, 2, ...)are orthogonal for any arbitrary vector functiong (s).The following exp~

ansion (*) which converges in metric (0, 4) is valid:
x

g(s)= 2 ex () fic(s) ) (0.6)

K==1

Let us set p = Qin (0, 4), Then a degenerate (momentless) operator L, arises and is
self-adjoint if in (0, 3) the boundary conditions imposed on w (s) are removed, In fact,

it is easy to verify that
(Lofrs fo) = (f1s Lol2)

for any f, and f, which satisfy the conditions

u(a)=ud)=vi@g =vd) =0 0.7)

Furthermore, the operator L is positive definite, For any real f, which satisfies the
conditions (0, 7), we have

=+ Ft o (o]

+A=a)(w + )+ U= (Fu+ o+ )

+1:°(-—'B —}-vm—l;} )}ds,>0

The specttum of the problem
Lof = Af (0.8)

now will not be purely discrete, In Sect, 2 it is proven that the interval [«, f] of val-
ues of the function

,-..

¢ (S) h’z ® (a<s D) (09)

(") If g(s)is a smooth vector function satisfying conditions (0, 3), then the series (0, 6)
converges uniformly in's € [a, U]
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belongs to the continuous spectrum of the problem (0. 8), (0, 7) [4¢-6), Outside the int-
erval «, |5 the spectrum is discrete, The ends of the interval, @ and [3 can be points
of concentration for the eigenvalues of the operator L. for small & and large 3. Assum-
ing for definiteness thath = Owill not be a point of the spectrum (*) of the operator
L, it is possible to show (the proof is presented in the Appendix) the strong convergen-
ce of operator L,~! to Lg* forp —- 0.This means that for any vector function g (s)

lim{(Ly,t — Lyt g =0, lel= (g, g)' (0.10)
u—0

Here the scalar product(g, g)is determined according to Eq,(0, 5). On the basis of a
theorem in the general theory of perturbations [7] the indicated situation leads to a
strong convergence of the spectral function of the operator L, to the spectral function
of the momentless (degenerate) operator L. For details the reader is referred to mono-
graph [7], However, the conclusion drawn here will be clarified through the following
important corollary which is based on this conclusion, Let A, be an isolated eigenva-
lue of the operator L, (for simplicity single) and f, (s) the corresponding eigenfunction,
Let € be so small that in the interval A, [A, — ¢, A, - e]there are no eigenvalues of
L, other than A,

Also let gu*(5) = 2 i (W) Fr(sy 1) (A (W E Ad)
Aylu)

be the interval of expansion of g (s)in the series (0, 6) corresponding to those eigenval-
ues Ay (p),which belong to A, (for u —- 0 their number can increase (!)). Furthermore
we have always

lim|[g,* (s) — (g, fo) fo(s)| =0

In particular, for g (s) = f, (s)the indicated interval of the Fourier series tends in the
mean square to f, ().

It is clear that the above mentioned fact does not contain complete information on
transformation of eigenvalues A, (j1)into the spectrum of operator L. This problem
requires special examination, We note, however, that for eigenvalues of problem (0, 7)
(0. 8 which are smaller thang = inf ¢, (s)(see (0. 9)) the conditions of regular degen-
eracy are satisfied in the sense given by the authors of [8], For these A, (u) it is there-
fore possible to write the following asymptotic equations in analogy to the way it was
handled in [9] in the axisymmetric case

An (H) = Ay -+ P'}"h, + o0 (P«)

This paper is devoted to the investigation of the specttum of the momentless system
(0. 7),(0, 8)., A large part of theorems given below is a generalization of results obtain-
ed earlier for the case of axisymmetric oscillations and presented in [6, 9].

In Sect, 3 the oscillation theorem is proven for the system (0, 7), (0, 8), In Sect, 4 the
sufficient conditions are found for which the first series of frequencies (the least) is in-
finite,

(*) Otherwise L“ and L, should be replaced by Lp‘ + xand L, + % respectively, with
% > 0.
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1, The Cauchy problem for the momentless system, In (0,1) we setp = (.Introduc-
ing the vector y = (u, v) we rewrite the first two equations of system (0, 1) in the form
Aoy”‘*‘Aly' +A2y_M3y =A‘d+A5e (1.1)
Here d and e are vectors

d= (', 0), e=(wuw) (1.2)

Through 4, (s) (k = 0, 1, ..., 5) we denote matrices of the second order. The elem-
ents of these matrices can be easily reconstructed from system (0, 1), In particular

—1 0 R+ R,% 0
A0=( 0 _1/2(1_6)>1 A4="‘( 0 0) (1.3)

The third equation of system (0,1) for p == O has the form

—bou’ — by — byv + (g () =M w =0 (1.4)
Here we have introduced the well-understood designations for coefficients, In particular
bo=RyP+6Ry™Y,  @u(s) = By7P 4+ 20,7 - Ry (1.9)

It is easy to verify that ¢, () — @, (s) = (R,"! - 0R,™)? > 0, The function ¢, (s)
is determined by Eq,(0, 9). The interval of values 91 (8)is denoted by |q, pl.The int-
erval of values @, (s) fora <C s << bwill be [y, 6]. Assuming that the coefficients of the
system (0, 1) are piecewise-continuous, we prove the following statement,

Lemma 1.1, Letr,, Ty, I'y, I'ybe arbitrary real numbers and s, = [a, b].Then
for A & la, Pland A == @, (s,) there exists a unique solution f (s, &) = (u (s, A),
v (s, ), w (s, A)) of the system (0, 8) which satisfies Cauchy"s conditiors(*)

U(sey M) =1, v(se, M) =1y, u' (5o, A) =715 V(s =rs (1.6}

The vector function f (s, A)is analytic for all complex A & [a, Bl and A == ¢, (s,).

Proof, We express ¥ and v from systemn (1, 1) through w and substitute the result
into (1,4). We obtain the Volterra equation with respect to w (s, &), which allows the
proof of the lemma, System (1,1) written in the abbreviated form is

Ly=p (1.7)
Let Y1 Yg 1.8
Y(S, )‘,) = (YI’ Yz') ( . )
be a fundamental matrix of the dimension 4 x4 composed of solutions of the system
Ly =0 (1.9)
The matrix also satisfies the conditionY (s, A) == £, (L is a unit matrix), Let
Y/
Z(s, A) = (z; ?‘: ) (1.10)

be the inverse matrix ofY" (s, A).Both matrices (1, 8) and (1, 10) will be entire functions
of A.It is easy to verify that the solution y (s, 1) of the system (1. 7) can be represented
in the following form: '

(*) We recall that system (0, 8) is obtained from system (0, 1) for p = 0.
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8
y(s,A):yo(s,x)+S C(s, t) A7p (t) dt {1.14)
8o
The solution satisfies conditions (1,6), In (1,11)¥,:(s, A)is the solution of the homoge-
neous system (1, 9). This solution also satisfies conditions (1,6), Through C (s, t) we

denote Cauchy's kernel ‘
C (s t) =Yy (9)Z; () + Y3 (924 (2) (1.12)

In the right side of (1,11) we take the integral containing w’by parts, We have (1.2),
(1.3),(1. 5).

& s

5 C (s, 1) AgP A () d () dL—.:S C (s, :)( ‘6 )dt— —Y3 (s) bo (so)( So)) (K(v z)(““’)
L] L] 8o

(1.13)
K (s t) = [(Yy(s) Z3 (t) + Yy (s) 2, (2)) bo(8)]¢" (1.14)
In this connection the obvious relationships C (s, 8) = 0, C (s, s,) = Y, (s) were used,

Thus we have
5

y(s, M) =yo(s, A) — Yz(*)bo(scr)( (o)) SK(S ‘)( )
+§ Cs, 1) 4314, (1) (g ((:))),dt (1.15)

8o

Differentiating this identity, we find

Y'(s, k) = (s, 1) — Yo' (5) bg (50) (wgs")) K (s, s')( ”)+S T (s ,t)l/l:j((tbdt (1.16)
8o

Here T (s, t) denotes a ker nel which is continuous with respect to s and ¢,and whole
with respect to A . We now findA (s, 5).By virtue of the identity

(s) Za (s) + Ya(s) Zy(5) =0 (1.17)
we have for A(s, s) from (1,14)
K(s, s) = [Yy (s) Z3'(s) + Ya () Z/ ()] &g (s) (1.18)

Differentiating (1.17) and taking advantage of the fact thatY,’ (s) Z; (s) + Y, (s) Z, (s)=
= E, and using (1, 8) and (1,10), we find easily
K (s, s) = — by (s) Eg (1.19)

From Egs, (1.15),(1,16) it follows now that

u(s, M) =uo(s, A)—ui(s, A) bo(so) w(se) + \ Ki(s, tyw(t)dt

X TN

v (s, A)=wo(s, A)—v1(s, A) bo () w(sg) + \ Ka(s, Yw(s)dt (1.20)

It TN



Spectrum of the system describing oscillations of a shell of revolution 853

s

u’' (s, A) = uo (s, A) =— w1’ (s, A) o (s0) w (s0) + b0 (s) w (s) + S Ks(s, D)w(t)dt
8
Here (u;, v} are solutions of the one-dimensional system (1, ;) such that

ug (so) = vy (s5) = vy’ (s) =0, Uy’ (s9) =1 (1.2
while &,, K,and K,are kernels which are continuous with respect to s and ¢ and com-

plete with respect to A.. Substitutingu, v u’from (1,20) into (1,4), we obtain the follo-
wing equation with respect to w (s, A):

(P, (8) — M wis, "H‘S Ki(s, )w(t, Ndt =r(s, Ay (1.22)
where 8
7 (s, M) = by (s) up’ (s) + 8 () uo (3).+ by () vy (8) —
— [y (s) uy’ (8) =+ By () uy (5) + ba () vy (8)] By (o) @ (2) (1.23)
and
bo (s0) ra - b1 (80) 11+ bo (s0)
w (so) = UAL q;a(s(:))—-h LANULS (1.24)

Equation (1, 24) is obtained by substituting s = s,in (1, 22), Under the assumptions made
with respect to A,Eq,(1,22) always has a uhique solution which is analytic in A, There-
fore, substituting the quantity w (s, A found in this manner, into (1.20), we determine
the solution for the Cauchy problem, The latter is apparently unique, The proof of
the lemma is complete,

Note 1.1, If ry, ry, ;3 are such that

by (So) T3 + by (s) 71+ b (s0) 7o = 0 (1.25)

the solution of the Cauchy problem is regular also for A = @, (5,)-

Note 1,2, If the valuesr,, Iy, I"sare such that (1,25) is satisfied, the Cauchy
problem for A =@, (So) and conditions (1,6) has a unique solution, if additionally an
arbitrary value is given for w (s,).

2, Nature of the spectrum in the momentless case, Lemma 2,1, The spectrum
of the boundary value problem (0, 8), (0, 7) is real and nonnegative, The entire interv-
al [a, P]consists of points of the spectrum, Outside the interval [a, B]the spectrum
is discrete (it consists of isolated eigenvalues of finite multiplicity), The limit points
of the discrete spectrum is A = - oo and, perhaps, the end points of the interval
la, Bl

Proof, Letus examine the inhomogeneous equation

Lyf—Af=h (2.1)
Herek = (h, (s), ks (s), hy (s))is an arbitrary vector function, which is integrable in the
square; f = (u, v, w) is the unknown vector function which satisfies the conditions (0, 7).
The system (2.1) can be written in the following form;

l}‘y = p + h‘ (2'2)

—bg(s) u' — by (s) u — by (s) v+ (Pa (8) = Ay w = by
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where the operator ], and vector pare the same as in (1.7) and h* = (h,, k,).Let
G (s, t, 4} be the Green function of operator I, for boundary conditions (0, 7), then
b

v={ G4 o) + b () 2.3)
[/
We note that
Yi{s)Ze(t) for t<s

2.
—Yo(s)Zs(t) for t=s @4

G(.v,t,)\.)={

We denote by Y, (s)and Y, (s) 2 x2 matrices which satisfy the equation}, (y) = Oand the
following conditions:

Y (b, M) =0, Y,/ (b A) =Ly Y, (a,A) =0, Y (q, A) = E, (2.5)
By Z,and Z,we denote blocks of matrix Z (¢, A),which is inverse to
Y1 Y,
Y (¢, A) _( vy Y,')

The matrix Z (¢, &) is meromorphic, its poles are points of the spectrum of the operator
I~ They are positive and tend to- oc.

Integrating in (2, 3) the term containing w’by parts and substituting the expression for

u and v obtained in this manner into the second equation (2, 2), we obtain in analogy

to (1. 22)

b b b
@0 =nwe+ s envoa={es nmnoutr{eeunnoane.
Here : ‘ : (2.6)
Qi (s, t, A) (i=1,23) (2.7)

are functions which are continuous with respect to s and ¢ and meromorphic with res-
pect to A with poles at the points of the spectrum of the operator 7, .

In this manner Eq, (2, 6) is boundedly solvable (*) outside of these poles for any right
side / if and only if Eq, (2.1) is boundedly solvable and consequently the spectra of
Egs, (2,1) and (2, 6) coincide outside the polesG (s, ¢, A)Utilizing theorems of functional
analysis [10], it is easy to show that the spectrum of Eq. (2, 6) consists of the interval

{a, Bl and a desorete set,

The reality of the spectrum follows from the seif-adjoint property of the operator £,
The nonnegativity follows from the conditionZ, 3> 0.The fact that = - o is always
the limit point of the spectrum of the operator L,,and can sasily be established by the
examination of the asymptotics of solutions of system (0, 8) when A — —+-20. Lemma 2,1
is proven,

Let us examine more closely the discrete spectrum of operator,.Let

O (s, A, T (s, ) (2.8)

(*) The inhomogeneous equation(2, 1) is boundedly solvable for a given ., if for any
simooth right side / (s)it has a smooth solution ; (s),satisfying the boundary condition
{0, 7} aac also (f, f) << Cp (k, h),where the constant Cyis independent of L. An analogous
staterusnt applies to Eq,(2,6). The spectrum coincides with the set of those values of
~, for which the bounded solvability is violated,
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be two solutions of Eq, (0, 8) which satisfy Cauchy’s initial conditions

u (e, ) =0, v(a, )=0, w'(a, }) =1, v (e &) =0

u(a, ) =0, v(a, ) =0, ' (s, 1) =0, v,/ (a, V=1 (2.9
for all

AE la, Bl, A g (a) (2.10)

Taking into consideration Lemma 1,1, it is easy to show that the discrete spectrum of
the operator.L, on the set (2,10) coincides with the zeros of the function
ui (b, A) uz(d, A).

A (b, A) = Dot (v, PN M) 2.11)

which is analytic on the set (2,10) and has a pole perhaps only at the point A = ¢, (a)
We note in conclusion that all eigenvalues which satisfy condition (2.10) can be no

more than twofold eigenvalues because by virtue of Lemma 1,1 each eigenfunction
f (s, Ap) is a linear combination of solutions (2, 8) withA = A,.The pointA = ¢, (a)
can be no more than a threefold eigenvalue (Note 1,2 to Lemma 1,1),

3, Oscillation theorem, Let us examine the zeros of the function

ui (s, A) ua(s, )
Ay =De (o100 ) e<e<y (3.1)

where u; (s, A)and v; (s, A) are components of solutions (2, 8),
Lemma 3.1, For fixeda < sy << bthe zeros of the function A (sy, A}in the e~

gion
A’ é [a, B]’ 7" =IE P2 (a’) (3'2)

are no more than double valued, In other words ifA (s,, A,) = Oand (8/9A) X
X A(sq, Ay) = 0, then(§%/9A%) A (s, Ay) == 0.In this connection the multiplicity of
Mas a root of equation A (s,, A)coincides with the multiplicity of the eigenvalue of

the differential equation
Lof = Mf (o <s <) (3.3)

with the boundary conditions
u(a) =u(s) =va) =v(s) =0 (3.4)

We present only the idea of the proof, The fact that zeros of the functionA (sy, A)are
eigenvalues of the problem (3, 3),(3, 4) is obvious, Through infinitely small perturbat-~
ion of the lowest terms (even those not containing derivatives) of the equationL,f = Af
it is possible to make all zeros of A (s,, A)simple in the vicinity of the point A,.Accord-
ing to Rouche's theorem the number of these zeros is equal to the multiplicity of the
root A, of the equation A (s,, A) = 0.In this case it is easy to select the perturbation so
that all eigenvalues of the boundary value problem also become simple, According to
well-known perturbation theory the number of eigenvalues arising in this manner is
equal to the multiplicity of A,,as eigenvalue, Lemma 3,1 follows from this, The foll-
owing statement is also valid.,

Lemma 3,2, LetA,be a single root of the equation

A (s, M) =0 (3.5)

in the region (3,2). Then in the vicinity of the point s = sythe equation A (s, A) =
= () determines one differentiable functiond =, A (s)(A (s,) = A,). In this connection
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dh Qr{s) — M, 1—s5
D) = B 2R (s0) + 0 (50} (3.6)

Here f, (5) = (uo (8), Vo (), Wy (5))is the eigenvector of the problem (3. 3),(3.4)
normalized by the condition

b
{ B (s) (ue? -+ ve? +wet)ds = 1 (3.7)

For Ay == (, (S,) the first term in braces (3, 6) should be replaced by zero,

Note 3.1, If A is a double root of Eq,(3, 5), then equation A (s, %) = ( determ-
ines two differentiable functions A, (s) and 2, (s)such that), (s,) = A, (so) = A,.Equ-
ation (3, 6) is valid for derivatives dj,/ds and dh,/ds,In the right side of this equation
two eigenvectors of problem (3. 3),(3.4) appear, These eigenvectors are orthogonal to
each other and correspond to A = A,,.

Proof., Together with problem (3, 3),(3.4) let us examine the "perturbed” problem

Ly (3) [ (z) = A (3) (a <<z s+ €) (3.8)

Here the conditions at the ends of the interval|a, s, + £]are assumed to be the same as
in (3,4), & is the small parameter, We take advantage of the fact that roots of the
equation A (s, -+ &, A)= 0 represent eigenvalues of problem (3, 8), Derivatives of eigen-
values of this problem with respect to parameter e-can be found by means of equations
of the perturbation theory of linear operators, We make the following substitution into
(3. 8)

& —a

Z=R+B So— a

(a<s <) (3.9)

As a result the operator L, (z)in (3, 8) can be represented in the form
Ly (s) =Ly (5) + LW (s) + 0 (%) (2 <5 < 50) (3.10)

According to known theorems of perturbation theory [7] eigenvalues of the boundary
value problem (3, 8) are differentiable functions of €,and the following equation is

valid (*) o

e ¢=o=<L(l)fn'/°) (3.11)

where f, (s) is the normalized eigenvector of the operatorL, (s) (8 < s < 5o).Equation
(3.11) is valid also in the case when A, is a double valued point of the spectrum, Itis
valid for both functions A, (¢) (k = 1, 2).For calculation of the right side of (3,11) it
is useful to make the substitution (3, 9) in the following identity:

Lo (3) fo (2) = Ao fo () (8 <2< %) (3.12)

In the relationship obtained in this manner, we separate terms of the first order in ¢, and
find that

(*) By O (e?)in Eq.(3.10) we understand a differential operator which contains the factor
£2. It is possible to show that operatorsL;" (s) LM (s)and L;* (s) O(¢*) are bounded., This
makes it possible to apply the theorem on perturbed eigenvalues from the cited book [7].
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L9 () 16) £ Lo 9) Jo' (9) ) = el () s (3.4
From here according to (3,11)
A @ E G W) =M ) e ()

We note that
A'l)(gv ’o) = (gv Lo (S)fo)

Since g (s)does not satisfy boundary conditions (3,4) only on the right end of the int-
erval [a, 5] then in the right side of (3, 14) on integration by parts of the first term, only
the terms outside the integral are preserved for s = So- Turning to the explicit expressi-
ons in the left side of (0,1), it is easy to find that those contributions are different from
zero which are obtained through integration by parts of the following expressions:

8o
—\ @ %‘(%‘j%i)"o@“

a

L0

* 1—¢ d 1 d
—S*'z—B—d;("FTs (Bgz))%(-*)““

a

8y
. dg
—-S B () (K72 (5) + S25Y) 2w (5) ds
Adding these expressions. we obtain
1—o
a5 | o= — B (s0) (u0" (s0) + ——g v0" (s0) — u0’ (s0) bo (s0) o (s0))
Here we substitute v, (s) from Eq,(1.4). For the condition, == ¢, (s;)we obtain Eq, (3, 6).
However, if Ay = @, (so),then uy’ (s,) = 0 and only the second term is preserved in brac-
es (3,6), Lemma 3,2 is proven,
Lemma 3,3, LetA & [a, 0].Then all roots of Eq.(3.16) in the half-interval
(a, b] of variation of § with decreasing A are displaced to the right,
Proof, We note that if A & [a, Olthen in Eq,(3, 6) both terms are nonnegative, By
virtue of Lemma 1,1 at least one of the terms is different from zero, Therefore for the
condition A & {[a,5)

dMds < 0 (3.19)

Consequently, in some sufficiently small two-dimensional neighborhood of the point
(so: Ao) all points(s, A),which satisfy the equation
A(s,\) =0 (3.16)

form maps of no more than two smooth monotonically decreasing functions of A (s).
The inverse quantities s (A) of these functions are continuous and decreasing, This leads
to the proof of Lemma 3, 3,

We note in passing that for fixed A <C 0 Eq.(3,16) does not have any roots at all in the
half-interval s &€ (a, b]. This follows from the positive definiteness of the operator (3, 3)
for any a <C sy < b. In conclusion we shall amplify our considerations about zeros of Eq,
(3.16) through the following remark,

Lemma 3,4, All zeros of Eq.(3.16) for fixed ), = |« GI-are no more than
double valued, If
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A (SQ, )vo) = 0, aA/aS (80, 2&0) = O (3.17)
then
9%05 A (50, M) == 0 (3.18)

In this connection a double valued point of the spectrum of problem (3, 3}, (3, 4) corres-
ponds to a double root s,.

Proof, 1f(3,17) is satisfied, then it follows from the obvious equality A,' + A,’.
shs’ == O that A,’ = 0 if we take into account that A,’ == 0, Since A;, 5= 0(Lemma 3.1),
the negative values of both derivatives in (3, 8) coincide with roots of the quadratic
equation A" - ZAZA& -+ A;:,ﬁ.’ = 4. Equation (3, 18) follows from this,

Let us renumber the eigenvalues of problem (0. 8),(0.7), which are less than a [6],
in increasing order taking into account the multiplicity

AW <A <L SN < (3.19)

Let n, (A) be the number of zeros of function 4 (s, ) for fixed A in the half-interval
{a, b].The following oscillation theorem is the result of analyses performed above,
Theorem 3,1, a) The number of eigenvalues of problem (0, 8),(0.7) which do
not exceed A,is equal ton, (A) (A < a).
b) The first series is infinite if an only if
sup 1y (A) = o0
Ao
c) 2&'} is a multiple eigenvalue if and only if s = bis a double zero of functionA (s,
AMa) 1f A% s a simple eigenvalue, then in the interval (g, b) function: A (s, Ax’) has
exactly k& zeros taking into account the multiplicities,

4, Conditions for infinity of the first series, In this section we will point out the con-
ditions placed on B (s),for which the problem (0, 8), (0, 7) leads to an infinite series of
eigenvalues less than a, where

a=infQi(s) G €Elsd) (4.1)
The corresponding theorems are generalizatioris of conditions given in the axisymmetric
case [6, 9],
Expressing w (s)in the third equation of system (0, 1) through 12, vand u and substit-
uting it into the first two, we armrive at a system of two equations
Ciu” + Cu’ + Cv' + Cau + Cov = 0 (4.2)
D" + D' + Dy’ + Dau + Dw=20
Here C; and Djare functions of s and A, The explicit expressions for these functions
have not been presented so far, It follows from the oscillation theorem that the first
series can be infinite only if for A = athe system (4, 2) has a solution with an infinite
number of zeros, This situation does not contradict the uniqueness theorem because
for 3, = « the system (4, 2) has a singularity, It is actually easy to check that

: Q1 (8) —a
Cy(sia) = B ) misy—a
Therefore the points sg, for which ‘
" Py (So) = @ (4.3)

are singular,
Let us examine the asymptotics of solutions of system (4, 2) in the vicinity of the
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singular point s,. We note that all functions C; andD; (i = 1, 2, ..., 9)are smooth
functions of s and that D, (s, @) == 0.If s, is the end of the intervalla, bl and
@' (So) == O,then it is easy to show that solutions of system (4, 2) have only a finite
number of zeros, Infinite oscillation is possible only for the condition

@' () =0 (4.4)

which by virtue of (4,1) always occurs when S, is an inside point of the interval{q, bl.
We recall that, (s) = (1 — 6)°B™2 (1 — B'?).Let

B (s) = Py + By (s — 50) 4= My By (s — 50)* + YePg (s — 50)° + ... (4.5)

Here we have introduced obvious notation for derivatives of function B (s) at the point

$o. We note that| ﬁl [ = [ B’ (sp) | << 1. Forg, (s)we have the expansion
91 (s) = {‘Do + 0y (s — o) + Yo (s —50)* + .. .} (4.6)
where {—
wg=1— B1zs o, = — 28, (Bz Tﬂl‘) (4.7)
3¢ —
@y =2[— Bt — g2 (1 — 5B + U RAR g ]
In this manner the condition (4, 4) is satisfied in two cases
B) By + (1 — B?)/Bo =0 (4.9)
which we will examine separately, At present let us assume that
0y = 0 (4.10)

Coefficients of system (4, 2) are expanded in powers ots — s, = tin the vicinity of the
point 8,. As a result we obtain

(@ + o () u” + 2at + 0 () w' + (a5 + o0 (1) u +
+ oIV + (b +o(1)v=0 (4.11)
(=by+o)u +(+o(t)u+dv"+(d+o(1))v +
+dz+o()v=0, t=s5s—s5
Expressions for coefficients of Taylor expansions are presented below, Substitutingu =
=y, U= Yq ' = 1/t (ys),andv,’ = y, the system (4,11) is reduced to a syst-
em of four first order equations, The system is written directly in the matrix-vector

fi
o yo= (F 2+ 2to)y (4.42)

Herey = (y;, ¥a, Y3, Ya) is the unknown column vector Q,, €,are constant matrices,
In this case

0 0 i 0
0 0 0 0

= 4£.13

&L —asfar — bajay -1 —bJ/ay ( )
0 0 2yi—s) O

It is easy to check that

Det (R — WEY) = 1 {1 + b + 51 2+l (4.14)

a1 (1 — o) ai
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Letp,, [y, p3 = pg = 0 be the roots of the characteristic polynomial (4,14). The
corresponding eigenvectors of the matrix Q, have the form

by 0
0 0 0 b
f(l) = 11 , [® = Pa . f(:!) = 0 , @ = 0 (415)
25, 2b,; —as — b,

1—¢ {—a
It is easy to show that the system (4, 12) has four linear independent solugions of the form
PO (1) = 0 (1 0 (1)), ¥ (1) = 8f® (1 0 (1), YO () = @ + 0 (1)
YO (1) = f9 + o (1) (4.16)
Infinite oscillation in the vicinity of the points = s, is possible only for the condition
where the roots u; and pipof the polynomial (4,14) are nonreal, The corresponding con-
dition has the form

D = a* —4a, (b2d, + az) < 0 (4.17)

Now we shall prove the following proposition,
Theorem 4,1, Letatsome points = s, ¢, (§;) = @ > (Qand the condition (a)
B'(s,) = Obe satisfied (4.8). We set

B(s) = By — =5~ (s — s} + 0 (s — 50)*)
and let

0 < kB, < 1 (4.18)

Then for the condition

9 (kBy)? + (126 — 1) kB, + 46* + 8m? (1 — kBy) > 0 (4.19)

«¢ is the limit point of the discrete spectrum of the problem (0, 8), (0, 7) (the first series
is infinite),

Note 4,1, Herek = |[B" (s,)] is the curvature of the meridian at the point s =
= 5, The inequality (4,18) indicates that for s = s,the abscissa of the meridian reaches
a maximum and the center of curvature lies on the other side of the axis of rotation
(Fig, ).

Note 4,2, Forg > !/, the condition (4,19) is supe-
rfluous,

Proof, Relationship (4,10) is valid for conditions (4. 8)
and (4,18)(seed, 7). For the coefficients of Taylor ex-
pansions in (4,11) we have

(1 —a%) k(1 — kBy)
4 = Bo (Bok +- o)* +0
m (1 — )2 2Bk + 6
2= =g 0= Gaere 420
n(l — {1—3
by = a%«(m—-c;%wok—o~2>+0v dy = —5

Fig, 1,

In this cased,, ¢,, d,and d;are some constants which are
unessential to the problem under consideration, It is easy to verify that the condition
of oscillation (4,17) takes the form
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(A — e (1 —EkBo)k
T T BA(BekFop

{9 (kBo)* + (125 — 1) kB + 4s* + 8m? (1 — kBy)} < 0

As a consequence of (4,18) this is equivalent to the requirement (4,19), Therefore Eq,
(4. 14) has two nonreal roots
Pr=po= —1p + i, B=0 (4.21)
Let us assume for simplicity of presentation thats, == aand that in the half-interval
la, s,) the system (4, 2) does not have any singular points (*)'C, (s, a) = 0 for a <<
< 8 < 8,. Let the matrix
Yi(9) Y (-*‘))
— $ a, s .
Y (S) - (Y3 (S) Y‘ (S) ’ e[ 0) (4 22)

be composed of solutions (4,16), It is evident that}” (@) is nondegenerate, We write

Y-'(a) = (A B)

C D

Through A (s)we denote the upper right minor of the matrix Y (5)Y~? (a), It is easy to
verify that fors — sy — 0

A (s) = Re (s — so)¥ (buydag — b1aday) b1l + 0 (1) (4.23)
Here b;; and d;; are elements of matrices B andD,andb, == Qas in (4,20). If now
bi1dy — bypdyy 5= 0 (4.24)

then in the left half-neighborhood of point s, the function A (s)has infinite number of
zZeros,

Let NV be an arbitrary integer, Let us select § > 0 so small that the function A (s)
will have )V zeros in the half-interval{a, s, — 0).Then we select a A < aso close to

a, that the function A (s, A)Ywhich was introduced by Eq.(3.1), for the system (4. 2)
will have JV zeros in the half-interval{a, s, — 0)This can be done on the basis of the
theorem on continuous dependence of the solution of the Cauchy problem on the param-
eter A.Since /Vis arbitrary, the first series is infinite according to Theorem 3,1 and the
proof for Theorem 4,1 is complete,

It remains to be noted that condition (4, 24) can be discarded, It is actually possible
to show that an arbitrarily small perturbation of system (0. 1) always exists such that in
the perturbed system the condition (4, 24) will be satisfied, This condition is realized
with the aid of the positive definite matrix which is equal to zero outside the right € -
half-neighborhood of the point g, Consequently, the perturbed system will have an infi-
nite first series, Since the indicated perturbation increases the eigenvalues, it is estab-
lished by the same token that the unperturbed initial problem also has an infinite first
series,

The following proposition is also valid,

Theorem 4,2. Letatsome points=s, ¢, (So) = a > (-and let condition (b)

be satisfied (4, 9)
BoPo +1 — P =0 (4.25)

where [3‘ are coefficients of the Taylor expansion for the function B (s) in the vicinity
§ = §,as in (4,5,),

(*) The reader can easily extend tne proof presented below to the general case,
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Let also (*)
0y = BaBs? ..[;0[30313: £0 (4:26)

Then a is the limit point of the discrete spectrum of problem (0, 7), (0, 8).

Proof, It was already mentioned that for condition (4, 25) ¢,’ (s,) = 0 (see (4. 7).
In this connection it can be verified that Taylor's coefficients in system (4, 11) have the
following form:

{—¢ [OF)
B=30TF0) wo
) g (1 —o)m?
o=t =)+ 0~ + —grayer—) — @2
m (1 — o) 1—o
=g T T2

Substitution of these expressions into (4, 17) leads to the inesquality
i—5 : ®n wy Hl—o
Tre e |40+ 5~ e <o
which is always satisfied by virtue of inequality w, > 0. The proof is carried out in the
same manner as in Theorem 4,1,
Let us explain that for conditions (4,25) andw, > 0 the plot of the meridian in the
vicinity of the point s = §, has the form represented in Fig, 2 (we assume that 0 < B’
o (so) <C 1).The dashed line indicates the adjoining
- N circle, For condition (4,25) R, = R,, i.e. the cor-
// N\ responding point is umbilical, In conclusion we note
the following fact,
Theorem 4,3, Let for some s= s, function

@1 (So)= a > 0,let p > 1and
P1(5) = @1 (S0) +
(s — $0)* + 0 ((s — 50)*?) (4.28)

q)l(zp) (sn)
2p)!
where

) (s0) >0 (4.29)
Then « is the limit point of eigenvalues, The proof
of this fact must be omitted due to lack of space,

Fig,2,

Appendix, Proof of Eq,(0,10), Let us denote through L, (a, b) the Hilbert space of
vector function g (s) = (g;, £», £3) With scalar product (0, 5) and let L, (a, b)be a space
of scalar functions with an integrable square, For fixed § & L; (a, b) we introduce
the function

¢ = (LJ¢8) (A.1)
Let i, > 0,then we have '
A _ - b - -1 . -
Z% == 'AE[: ((Lp.i-hﬁy. - Lp.];) £,8) = — —A—P- (Lp.i-pr. (vao - LP-o+AP~) o8 8) =(A.2)

(*) Since a = Inf p,(s),- condition (4, 26) implies the inequalityw, > 0.
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4
= — (L auLilile 8)
by L, we denote here the operator which in the left side of system (0, 1) stands with
ju*. The operator L, contains fourth order differentiation of the coordinate w (s). It is
self-adjoint and nonnegative for conditions (0,3), We note also that the operator
L4L;: is bounded, Therefore, going to the limit in (A, 2) for Ap — 0, we obtain

do/dp = — 4pe® (L Lily,g, 8) <O (A.3)

Consequently ¢ () decreases monotonically and according to [7] the vector function
L.} g converges in the sense of the norm L, (a, b) for p — 0, Now we shall prove (0,10)
It is sufficient to show that

iin: (Ly' — L) g, h)=10 (A.4)
for an everywhere dense set of vectors h inL, (a, b)".Noting that
(L' — L g = — pL'LyLy'g (A.5)

we take } in (A, 4) in such a manner that the vector function L,~'hwill be sufficiently
smooth and will satisfy the boundary conditions (0, 3), Then

(L3 — LoY) &, k) = — p* (Ly'g, LoLig™h)
and consequently (A, 4) is valid,

It remains to establish that the set of such vector functions 4 is everywhere dense in
L, (a,. b).For this we note that for 4 = 0 the integral equation (2. 6) for A = 0 has
only the trivial solutionw (s) == 0, Otherwise ' = (. would be an eigenvalue of the
problem (0, 7), (0. 8), which is not valid according to the initial assumption, Therefore
the integral operator which is in the left side of (2, 6) transforms the everywhere dense
in L, (a, b)set of scalar functions into an everywhere dense set, The set of finite (in-
finitely differentiable) scalar functions w (s)is everywhere dense inL, (a, b).Sets of
corresponding functions in the right sides of (2, 6) have this property, From this it is now
obvious that given arbitrary continuous /4, (s}and %, (s),it is always possible to find a
function 4 (s) from the everywhere dense set inL, (a, b)gso that the vector function
L;lh will be sufficiently smooth and will satisfy conditions (0, 3),

The authors are grateful to A, L, Gol'denveizer and P,E, Tovstik for their attention
and several discussions,
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Motion of a gyrostat is considered, The equations of motion are written in the
Hamilton form and the change in the integrals of motion in the cases of Zhuko-
vskii and Lagrange resulting from the Hamilton function undergoing small vari-
ations is studied,

Let the mechanical system under investigation depend on a set of parameters
and let it be integrable for some definite values of these parameters, Study of
the motion of this system in the case when the values of the parameters are cha-
nged the system is no longer integrable, appears to be of interest, The solution
of this problem involves overcoming certain fundamental difficulties connected
with the problem of small denominators, In the case when the system is Hamil-
tonian and the changes in the values of parameters are small, these difficulties
have been overcome using the method proposed by Kolmogorov and Amol'd in
[1 and 2].

Arnol'd’s solution [3] of the problem of a rapidly rotating, heavy, asymmetric
rigid body with a fixed point, serves to illustrate the application of this method
to the rigid body dynamics,



